We introduce the use of dual-quadrature spectral interferometry for amplitude and phase characterization of 100% duty factor optical arbitrary waveforms generated via spectral line-by-line pulse shaping. We demonstrate this technique for measurement of optical arbitrary waveforms composed of ~30 spectral lines from a 10 GHz frequency comb with 1.4 µs data acquisition time at an average power level of 10 microwatts. We then demonstrate coherent spectral phase measurements of pulses strongly dispersed by propagation over 50km of optical fiber.
Introduction
Interest has recently arisen in optical arbitrary waveform generation (OAWG), in which pulse shaping is used to manipulate optical frequency combs on a line by line basis [1] [2] [3] [4] [5] . OAWG leads to new challenges in waveform characterization associated with the unique attributes of fields generated through line by line pulse shaping. In particular, such fields may exhibit 100% duty cycle, with shaped waveforms spanning the full time domain repetition period of the frequency comb, and with spectral amplitude and phase changing abruptly from line to line. Such fields are also characterized by large time-bandwidth product, equal approximately to the number of lines in the shaped frequency comb. Although methods for full characterization of ultrashort pulse fields are well developed, e.g., [6] [7] [8] [9] , such methods are typically applied to measurement of low duty cycle pulses that are isolated in time, with spectra that are smoothly varying, and with relatively low time-bandwidth product. These properties correspond to low spectral resolution insufficient to capture the rapid spectral changes that are a hallmark of line by line pulse shaping. In general, it is also desirable that characterization methods for OAWG fields offer high sensitivity (low power requirement) and fast data acquisition. These properties will be needed when pulse shaping is operated at rapid waveform updates [10] and also to capture interesting waveform transients expected with both high (line by line) spectral resolution and very rapid waveform update [11] .
A few efforts towards waveform characterization for OAWG have been reported. For example, in [12] spectral phase was measured by observing the phase of the RF beat signal obtained when a line by line shaper was used to select two adjacent comb lines at a time from a 10 GHz frequency comb. In [3] signals from a 20 GHz optical comb were characterized by an X-FROG [13] technique in which the sum frequency signal generated through the interaction of shaped and unshaped fields was spectrally resolved and measured as a function of delay. However, both of these techniques require a series of measurements performed sequentially, which slows measurement time.
In this paper, for the first time to our knowledge, we adapt a technique known as dualquadrature spectral interferometry [9] for measurement of OAWG waveforms and demonstrate its ability to characterize OAWG fields composed of ~30 spectral lines at 10 GHz line spacing with 1.4 µs data acquisition time. In conventional implementations of spectral interferometry, reference and signal fields must be separated in time in order to achieve unambiguous phase retrieval. This implies a delay exceeding the temporal aperture of the waveform being measured. Such large delay increases demands on spectral resolution, which is already a significant challenge in OAWG. In fact, from a fundamental perspective, for a periodic waveform with a 100% duty cycle, it is impossible to achieve time separation greater than the temporal aperture of the waveform since delay will also be periodic at the repetition rate. However, in dual quadrature spectral interferometry two orthogonal polarization states are used to simultaneously obtain the in-phase and quadrature components of the interference signal. This allows unambiguous phase retrieval at zero delay setting, which reduces the spectral resolution requirement to approximately the frequency spacing of the comb. Also, since spectral interferometry is a linear technique, it can potentially work at very low signal power.
It is important to recall that spectral interferometry is not self-referencing and requires a well characterized reference field with respect to which the unknown signal field is measured. However, since the reference field may consist of short pulses that are isolated in time, standard techniques such as FROG and SPIDER may be applied to characterize the reference [13, 14] . Once the reference pulse is characterized, a single measurement suffices for each waveform retrieval. Although the dual-quadrature scheme has been used previously to characterize high frequency pulse trains for telecommunication purposes [15] , to our knowledge our work is the first to apply it to measure complex OAWG fields, a situation in which the benefits of dual quadrature spectral interferometry become most evident.
Mathematical description
In dual-quadrature spectral interferometry, in-phase and quadrature interferograms ( 1 ( ) I ω and 2 ( ) I ω ) can be written in terms of the signal and reference power spectra ( 
The reference spectrum and phase and the two interferograms are known and from the two equations we need to retrieve the signal spectrum and the signal phase. In general the above equations give two solutions for the signal spectrum and phase which are
with the corresponding ( )
This however prevents unambiguous retrieval with a single measurement and requires an auxiliary measurement, e.g., of the signal power spectrum. In previous demonstrations a separate measurement of the signal spectrum was in fact carried out [9, 15] . Here we show that with an additional constraint which can be easily implemented in the experiment, Eq. (1) and Eq. (2) are sufficient to unambiguously retrieve both the signal spectrum and the phase information. Adding Eq.
(1) and Eq. (2) we have, 
Now if we require that the level of the signal spectrum is less than the reference spectrum everywhere by at least 3dB (i.e. (3) and thus ensures uniqueness for the spectrum and the corresponding spectral phase. Also, our new constraint is not hard to implement since in most spectral interferometry implementations, the signal and reference are derived from the same source; it is therefore sufficient to ensure that the net gain in the signal arm is less than that in the reference arm by 3dB. Figure 1(a) shows the functional representation of the input source used for our experiments. The comb source consists of a CW laser with specified 1 kHz line width at a center wavelength of 1542nm sent to a dual-modulation comb generator, where a low-V π phase modulator is driven at 2*f rep (20GHz), which defines the overall bandwidth, and a subsequent intensity modulator is driven at f rep (10GHz), which defines the line spacing. At point (a) in the figure, the field is still spread in time, since the phases of different frequency components are not yet corrected. A bandwidth-limited pulse is then obtained at (b) by phase correcting individual frequency components in a line-by-line pulse shaper. Our procedure involves adding one comb line at a time (starting with three) and adjusting the phase of the new frequency component (with step sizes of /12 π ) in order to maximize the second harmonic generation signal from an autocorrelator set at zero delay [16] . After phase correction, the intensity autocorrelation is found to be in excellent agreement with that of the pulse simulated assuming flat spectral phase. This gives us confidence that the compressed pulse is corrected close to the zero phase condition. A portion of the compressed pulse is used as the reference for subsequent spectral interferometry experiments.
Experimental setup
Figure 1(b) shows the dual quadrature spectral interferometry setup. The signal to be measured is linearly polarized at a 45deg angle while the reference is circularly polarized. These two beams are combined followed by a high resolution spectrometer consisting of a 10X beam expander, an 1100lines/mm grating, and an InGaAs IR CCD camera [Andor, 17].
The pixel dimension of the camera in the dispersed direction is 25microns, which corresponds to a spectrometer resolution of 3.33GHz per pixel. This gives a line to line spacing of 3 pixels on the camera (corresponding to the frequency comb spacing of 10GHz). The spectrometer simultaneously measures the interferograms in both polarizations (corresponding to the inphase and quadrature terms) by mapping them to different physical locations on the camera. The measured spectrometer crosstalk arising from a single adjacent line three pixels away is ~5% and ~8%, respectively, for the two channels. For each of the polarizations, the 30 lines of the frequency comb spread across 90 pixels of the camera. We retrieve waveform information from a single frame of CCD data with 1.4 μ s integration time, which defines our data acquisition time. In our measurements we have verified good waveform retrieval at an average signal and reference power of 10 W μ and 20 W μ . In this case, since the total energy per measurement is a product of the signal power and the gating time, we are only using around 14pJ of signal energy per measurement. This corresponds to an average signal energy of less than 0.5pJ per spectral line. The fast acquisition time significantly reduces sensitivity to environmental fluctuations. For example, at 1.4 µs integration time optical phase fluctuations associated with the relatively long (up to 50 km, as detailed later) lengths of optical fibers did not appear to degrade our spectral interferometry data. In Fig. 2 we describe the results of an experiment that demonstrates the ability to characterize fields spanning the full 100 ps waveform period at 100% duty cycle. As noted before, although a frequency comb is formed after the modulators, in the time domain the envelope is Fig. 1(a) ) is then used to measure a signal field corresponding to an uncompressed version of the frequency comb (extracted from point (a) in Fig. 1(a) ) through the dual-quadrature spectral interferometry. The inverse of the retrieved phase is applied to the signal field via a second line-by-line shaper (not shown), and the output autocorrelation is measured. If the phase retrieval is good, the autocorrelation should be that of a bandwidthlimited output pulse matching that of the reference pulse. In Fig. 2(a) we show representative raw interferogram data obtained from the camera showing both the channels. Each pixel corresponds to ~3.33GHz, which corresponds to a spacing of 3 pixels between adjacent lines of the frequency comb. Abrupt changes in the intensities of the interferograms indicate the strong phase variation which occurs on a line by line basis. In Fig. 2(b) , we have the retrieved spectral phase. We see a strongly modulated phase pattern with abrupt phase jumps. Fig. 2(c) shows the autocorrelations of the input signal field (uncompensated comb), which has a nearly flat envelope and occupies the entire 100ps repetition period, as well as those of compressed reference and signal pulses. The autocorrelations of the reference pulse compressed via the second harmonic optimization method [16] and of the signal pulse compressed under spectral interferometry control are closely matched and correspond to bandwidth-limited pulses ~3 ps in duration. The slight increase in the wings of compressed pulse autocorrelation compared to those of the reference pulse can be attributed to small errors in the spectral interferometry measurement. (c) Time domain intensities generated using the retrieved spectrum and phase (retrieved) and the input spectrum and applied phase (simulated). Figure 3 demonstrates the use of spectral interferometry for retrieval of the power spectrum and phase of a signal field to which known user defined spectral phase was applied. Fig. 1(a) ) is split to yield identical reference and signal pulses. Cubic spectral phase was then applied using a second line by line shaper operating only on the signal field. In Fig. 3(a) , the input spectrum (measured independently on an OSA) and the retrieved spectra are plotted. Fig. 3(b) shows both the applied phase (i.e., the phase programmed onto the pulse shaper) and the retrieved phase. The retrieved phase is in good agreement with the applied cubic phase; the difference has a standard deviation of 0.11π radians. Simulations show that the difference between the applied spectrum and phase and the retrieved spectrum and phase arise mainly due to the crosstalk in the spectrometer. By further reducing the crosstalk, improvement should be possible. In Fig. 3(c) , we show a comparison of calculated time domain intensity profiles obtained using the input power spectra (measured separately) and the applied spectral phase or that retrieved through spectral interferometry. The close agreement indicates that the phase measurement through spectral interferometry is sufficiently accurate to yield a meaningful prediction of field profile in the time domain. The relative immunity to environmental fluctuations provided by the fast measurement time allows us to make coherent waveform measurements over long lengths of optical fiber. This may provide a method to measure frequency dependent phase fluctuations relevant to transfer of precise timing information transfer over optical fibers [18, 19] . Fig. 4(a) shows the measured spectral phase of the signal field after propagation through 10km, 20km and 50km of standard single mode optical fiber. The quadratic fit to the data is also shown. The standard deviation of the error between the measured phases and the quadratic fit is 0.05π, 0.04π, 0.07π respectively corresponding to 10km, 20km and 50km. The amount of cubic phase present in these cases is small. As additional verification, from the retrieved phase and the knowledge of the length of the each fiber spool, the dispersion coefficients were calculated to be 16.4ps/nm km, 16.4ps/nm km and 16.2ps/nm km. These independent estimates are all very close and are consistent with the known dispersion of standard single mode fiber.
Results
The total dispersion corresponding to the three different fiber spools turn out to be ~400ps, 800ps and 2000ps, respectively, which are all significantly higher than the pulse period of 100ps. This means that the net change in phase over the entire bandwidth is significantly higher than 2π . Therefore, the underlying quadratic phase moves over many 2π ranges over the frequency range, with the variation becoming more rapid as we move away from the center. Our measurement samples this nominal quadratic function periodically at 10GHz intervals.
To indicate this, Fig. 4(b) shows the retrieved phase and the corresponding quadratic fit for the case of 10km fiber length, but in this case without the unwrapping. As expected, the retrieved phase lies close to the wrapped quadratic fit. We notice that as we move away from the center frequency in Fig. 4(b) , the measurement points sample the quadratic phase only one or two times per 2π variation. We might expect this to raise questions about the adequacy of the sampling frequency and whether a subset of the data from the above figure (say farther away from the center frequency) is sufficient to unambiguously provide the underlying quadratic phase.
To address this issue, we would like to point out that the choice of starting the unwrapping with smallest variation near the center was arbitrary which would make the points away from the center seem to have greater variation from point to point. We could have started the unwrapping near any point in which case, the phase variation would be minimum near that point. The underlying reason here is that the different quadratic fits that are obtained while we vary the choice of the data point to start unwrapping differ only by a linear phase (because shifting the center frequency for a function which is quadratic in frequency gives a term linear in frequency). Hence, even a subset of the data from the above figure uniquely determines the underlying quadratic phase and by subtracting different amounts of linear phase, can be made to look symmetric(having minimum variation) around any point. This point is further clarified in Fig. 4(c) where we plot the residuals (difference between the quadratic fit and retrieved phase) for each data point. The magnitude of the residuals don't show any pronounced character while moving away from the center frequency and the variations are of the same order indicating the similarity of each retrieved data point. Similar behavior is observed in the residuals of the 20km and 50km fiber measurements.
Reconstructing the underlying quadratic phase from the retrieved phase truly becomes ambiguous when the phase becomes large enough that the derivative (which is a linear function) has a phase difference greater than 2π between two data points. This happens at around 75km of optical fiber for the case when we sample at 10GHz. This means that when we reconstruct the quadratic phase for a retrieval with 75km of fiber, it would look like having no optical fiber. In time domain this would correspond to the situation where a bandwidth limited pulse train after linear dispersive propagation over this distance would reform and look identical to when it started (neglecting transmission losses and higher order spectral phases). If it becomes necessary to unambiguously measure the dispersion corresponding to >75km lengths of standard fiber, then the spectral resolution needs to be increased appropriately.
Summary and future work
In summary, we have demonstrated the use of dual-quadrature spectral interferometry for measurement of OAWG waveforms composed of ~30 spectral lines at 10 GHz line spacing with 1.4 µs data acquisition time. We have also demonstrated that our technique enables direct, coherent measurements of spectral phase even after propagation over 50km of optical fiber. A particular advantage with respect to characterization of OAWG signals is that spectral resolution requirements are reduced to approximately the frequency spacing of the comb. Our experiments are currently limited by the total bandwidth available from the comb source but can accommodate increased bandwidth by using more pixels on the IR CCD camera. In the future it should become possible to use our technique to measure waveform transients that will occur when OAWG is coupled with very fast waveform switching.
